Abstract. Positive Quaternion Kähler Manifolds are Riemannian manifolds with holonomy contained in Sp(n)Sp(1) and with positive scalar curvature. Conjecturally, they are symmetric spaces. We prove this conjecture in dimension 20 under additional assumptions and we provide recognition theorems for quaternionic projective spaces (in low dimensions) as well as the real Grassmanian f Gr4(R n+4 ).
Introduction
Quaternion Kähler Manifolds settle in the highly remarkable class of special geometries. Hereby one refers to Riemannian manifolds with special holonomy among which Kähler manifolds, Calabi-Yau manifolds or Joyce manifolds are to be mentioned as the most prominent examples. Quaternion Kähler Manifolds have holonomy contained in Sp(n)Sp(1); they are called positive, if their scalar curvature is positive.
The only known examples of Positive Quaternion Kähler Manifolds are given by the so-called Wolf-spaces, which are all symmetric and the only homogeneous examples due to Alekseevski. Indeed, they are given by the infinite series HP n , Gr 2 (C n+2 ) and Gr 4 (R n+4 ) (the Grassmanian of oriented real 4-planes) and the exceptional spaces G 2 /SO(4), F 4 /Sp(3)Sp(1), E 6 /SU(6)Sp(1), E 7 /Spin(12)Sp(1), E 8 /E 7 Sp(1). Besides, it is known that in each dimension there are only finitely many Positive Quaternion Kähler Manifolds. This endorses the fundamental conjecture Conjecture (LeBrun, Salamon). Every Positive Quaternion Kähler Manifold is a Wolf space.
In this article we provide several classification results under different assumptions coming from Index Theory, algebraic topology or the study of symmetries.
There used to be a classification of Positive Quaternion Kähler Manifolds in dimension 12 by Haydeé and Rafael Herrera (cf. [15] ) confirming the main conjecture. In the second part of that article they showed that any 12-dimensional Positive Quaternion Kähler Manifold M is symmetric if thê A-genus of M vanishes. If M is a spin manifold, this condition is always fulfilled by a classical result of Lichnerowicz, since a Positive Quaternion Kähler Manifold has positive scalar curvature. Positive Quaternion Kähler Manifolds M n ∼ = HP n are known to admit a spin structure if and only if n is even (cf. proposition [22] .2.3, p. 148). One also knows thatÂ(M ) [M ] vanishes on the symmetric examples with finite second homotopy group (cf. theorem [6] , 23.3). Atiyah and Hirzebruch (cf. [3] ) showed that thê A-genus vanishes on spin manifolds with smooth effective S 1 -action.
In the first part of their article [15] Haydeé and Rafael Herrera claim a similar result for simply-connected manifolds with finite second homotopy group instead of a spin structure. Unfortunately, we found the proof of this assertion to be erroneous and-as we show together with Anand Dessai in [2] -it is not true in general that theÂ-genus of such a simply-connected π 2 -finite manifold with smooth effective S 1 -action vanishes. Thus the classification in dimension twelve can no longer be sustained-see also [14] . However, it still remains an open question whether theÂ-genus vanishes on π 2 -finite Positive Quaternion Kähler Manifolds.
These observations actually where a byproduct of our work in dimension 20-with rather detrimental effects on our own arguments and theorems. This is the reason why the case of dimension 12 is neglected in this article and why the assumptionÂ(M ) The proof of this theorem essentially splits into two parts: On the one hand we combine relations from Index Theory with further properties of Positive Quaternion Kähler Manifolds to restrict possible identity components of the isometry group to a small list of relatively large groups. In the second part we use Lie theoretic arguments to provide the classification result. Both approaches path the way towards further results:
In the vein of the index computations we obtain a classification result concerning the quaternionic projective spaces. This result has been proven in dimensions dim M ≤ 16 in [12] . The methods applied there permit a generalisation to dimensions 20 and 24. Note that the exceptional Wolf space F 4 /Sp(3)Sp(1) has dimensions 28 (and dim G 2 /SO(4) = 8)-both of them satisfy b 4 = 1.
The arguments arising from the theory of transformation groups can be generalised to yield a recognition theorem for the real Grassmanian by means of the dimension of its isometry group. The complex Grassmanian and the quaternionic projective space are topologically well-identifiable by means of the second homotopy group, i.e. π 2 (M 4n ) = 0 implies M 4n ∼ = HP n and π 2 (M ) = Z leads to M 4n ∼ = Gr 2 (C n+2 ). These identities make it possible to recognize these two spaces by means of the rank of the isometry group (cf. [10] ). No similar characterisations seem to be known for the real Grassmanian which makes our recognition theorem a first one of its kind.
Theorem C. Let M 4n be a Positive Quaternion Kähler Manifold. Suppose that the dimension of the isometry group dim Isom(M 4n ) satisfies the respective condition depicted in table 1. Then M is symmetric and it holds:
⇔ rk Isom(M ) = n 2 + 2 M ∼ = Gr 2 (C n+2 ) ⇔ dim Isom(M ) = n 2 + 4n + 3 M ∼ = HP n ⇔ dim Isom(M ) = 2n 2 + 5n + 3
In particular, if the isometry group satisfies that dim Isom(M ) > n 2 + 5n + 12 2 for n ≥ 22 and n ∈ {27, 28}, then M is symmetric and we recognise the real Grassmannian by the dimension of its isometry group.
The symbols H, C, R in the column "recognising" in table 1 refer to whether we may identify the quaternionic projective space, the complex Grassmannian or the real Grassmannian in this dimension by the theorem.
We remark that in general the dimension of the isometry group dim Isom (M 4n (For the bundle H we refer to the next section.)
Structure of the article. In section 1 we shall give a very brief introduction to Positive Quaternion Kähler Geometry focussing on properties obtained via Index Theory or transformation groups. Section 2 is devoted to computations of several twistedÂ-genera via characteristic classes. In section 3 we shall prove theorem B. Moreover, we shall identify further 
H, C, R
properties related to the methods of the proof. Section 4 will be used to present further results that come out of our index computations. On the one hand we present theorems (e.g. on the existence of isometric S 1 -actions) that are of interest for their own sake. On the other hand this section will establish the first part of the proof of theorem A; namely it will yield the existence of large isometry groups under mild assumptions. Section 5 is devoted to classification of 20-dimensional Positive Quaternion Kähler Manifolds with large isometry groups. The results here combine with the ones from chapter 4 to complete the proof of theorem A. The proof of theorem C will be given in 6.
We remark that a more elaborate introduction to the subject as well as detailed proofs can be found in [1] .
Several arguments involve heavy computations. All of these were done with the help of Mathematica 6.01 or Maple 9 or later programmme versions respectively.
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Positive Quaternion Kähler Manifolds
Due to Berger's celebrated theorem the holonomy group Hol(M, g) of a simply-connected, irreducible and non-symmetric Riemannian manifold (M, g) is one of SO(n), U(n), SU(n), Sp(n), Sp(n)Sp(1), G 2 and Spin (7) .
(In the case n = 1 one additionally requires M to be Einstein and selfdual.) Quaternion Kähler Manifolds are Einstein (cf. [4] .14.39, p. 403). In particular, their scalar curvature is constant. For an elaborate depiction of the subject we recommend the survey articles [22] and [24] . We shall content ourselves with mentioning a few properties that will be of importance throughout the article:
Foremost, we note that Positive Quaternion Kähler Manifolds M clearly are not necessarily Kählerian, as the name might suggest. Moreover, the manifold M is compact and simply-connected (cf. [22] , p. 158 and [22] .6.6, p. 163).
Locally the structure bundle with fibre Sp(n)Sp(1) may be lifted to its double covering with fibre Sp(n) × Sp(1). The bundles associated to the standard complex representations of Sp(n) on C 2n and of Sp(1) on C 2 will be called E respectively H. Recall that P C (H) is called the twistor space of M . This space is a Fano contact Kähler Einstein manifold (cf. theorem [20] .1.2, p. 113).
We obtain the following formula for the complexified tangent bundle T C M of the Positive Quaternion Kähler Manifold M (cf. [24] , p. 93):
The bundles E and H arise from self-dual representations and so their odddegree Chern classes vanish. The Chern classes of E will be denoted by
and
The quaternionic volume
is integral and satisfies 1 ≤ v ≤ 4 n -cf. [24] , p. 114 and corollary [25] .3.5, p. 7.
Recall the definiteness of the intersection form on Positive Quaternion Kähler Manifolds (cf. [11] ), [21] ) (which is a consequence of the HodgeRiemann bilinear relations on the twistor space). The quoted articles differ in the formulation of positive/negative definiteness. We use the form u = −c 2 (H) to state the theorem. The orientation on M is naturally given by u n . Theorem 1.2. The generalised intersection form
, R) with even r ≥ 0 is positive definite. In particular, the signature of the manifold satisfies
An oriented compact manifold M 4n is called spin if its SO(4n)-structure bundle lifts to a Spin(4n)-bundle, or equivalently, its second Stiefel-Whitney class w 2 (M ) = 0 vanishes. A vector bundle E → M is called spin if w 1 (E) = w 2 (E) = 0. Positive Quaternion Kähler Manifolds M 4n = HP n are spin if and only if n is even (cf. proposition [22] .2.3, p. 148).
On a Positive Quaternion Kähler Manifold M 4n we have the locally associated bundles E and H from above. Now form the (virtual) bundles
of exterior powers and the bundles 
is the dimension of the isometry group of M and the b i (M ) are the Betti numbers of M as usual.
As a consequence of the Atiyah-Singer Index Theorem we then may express these indices topologically via genera:
Let us now collect some information on isometry groups: Theorem 1.4. Let M 4n be a Positive Quaternion Kähler Manifold with isometry group Isom(M ). We obtain:
• The rank rk Isom(M ) may not exceed n + 1.
, then M is isometric to HP n or to Gr 2 (C n+2 ).
• It holds that dim Isom(M 4n ) ≤ dim Sp(n + 1) = (n + 1)(2n + 3).
Equality holds if and only if M ∼ = HP n .
Proof. The first assertion is due to theorem [24] .2.1, p. 89. The second item is theorem [10] .1.1, p. 642. The inequality in the third assertion follows from corollary [25] .3.3, p. 6. In case dim Isom(M ) = (n + 1)(2n + 3) it was already observed on [22] , p. 161 that M is homothetic to the quaternionic projective space. The fourth point is due to theorem [22] .7.5, p. 169.
The isometry group Isom(M ) of M is a compact Lie group. Due to theorems [7] .V.8.1, p. 233, and [7] .V.7.13, p. 229, we may assume up to finite coverings that Isom 0 (M )-the component of the identity-is the product of a simply-connected semi-simple Lie group and a torus.
For the convenience of the reader we give a table of simple Lie groups by table 2, which will support our future arguments involving dimensions and ranks of Lie groups. From theorem [18] .2.2, p. 13, we cite tables 3, 
the index n denotes the rank 4, 5 of maximal connected subgroups (up to conjugation) of the classical Lie groups. (By Irr R , Irr C , Irr H real, complex and quaternionic irreducible representations are denoted. The tensor product "⊗" of matrix Lie groups is induced by the Kronecker product of matrices.) Table 3 . Maximal connected subgroups of SO(n) Table 5 . Maximal connected subgroups of Sp(n)
From [5] , p. 219, we cite table 6 of maximal rank maximal connected subgroups. From table [18] .2.1 we cite subgroups of maximal dimension in Table 6 . Maximal rank maximal connected subgroups 
Let H ⊆ Isom(M ) be either S 1 or Z 2 . Consider the isotropy representation at an H-fixed-point x ∈ M composed with the canonical projection Sp(1) → SO(3):
Theorems [8] .4.4, p. 602, and [8] .5.1, p. 606, (together with [8] , p. 600) show that the type of the fixed-point component F of H around x depends on the image of ϕ: If ϕ(H) = 1, the component F is quaternionic for H ∈ {S 1 , Z 2 }. If ϕ(H) = 1, the component F is locally Kählerian for H = Z 2 and Kählerian for H = S 1 . A result by Gray (cf. [13] ) shows that a quaternionic submanifold is totally geodesic. Formula [4] .14.42b, p. 406, then yields that the quaternionic components are again Positive Quaternion Kähler Manifolds.
It is easy to see that the dimension of F is exactly 2n if H = Z 2 and given that F is locally Kählerian. The dimension of F is smaller than or equal to 2n if H = S 1 and provided that F is Kählerian.
Let us finally state some cohomological properties of Positive Quaternion Kähler Manifolds. • Odd-degree Betti numbers vanish, i.e. b 2i+1 = 0 for i ≥ 0.
• The identity
holds and specialises to
in dimensions 16 and 20 respectively.
• A Positive Quaternion Kähler Manifold M 4n ∼ = Gr 2 (C n+2 ) is rationally 3-connected.
• The real cohomology algebra possesses an analogue of the Hard-Lefschetz property, i.e. with the four-form u ∈ H 4 (M, R) from above the morphism
is an isomorphism. In particular, we obtain
is given by u n . This defines a canonical orientation.
Proof. The first point is proven in theorem [22] .6.6, p. 163, where it is shown that the Hodge decomposition of the twistor space is concentrated in terms H p,p (Z). The second item is due to [23] .5.4, p. 403. The next item basically follows from theorem [24] .5.5, p. 103 where it is proven that b 2 = 0 for M n ∼ = Gr 2 (C n+2 ).
The Hard-Lefschetz property of M follows from the Hard-Lefschetz property of the twistor space. Indeed, a Positive Quaternion Kähler Manifold has this property with respect to u.
So for a Positive Quaternion Kähler Manifold M it is equivalent to demand that M be rationally 3-connected-i.e. to have that π 1 (M ) ⊗ Q = π 2 (M ) ⊗ Q = π 3 (M ) ⊗ Q = 0-and to require that M be π 2 -finite-i.e. to suppose that π 2 (M ) < ∞.
Preparations
This section is devoted to a computation of several indices i p,q in terms of the characteristic numbers of the complexified tangent bundle T C M for a Positive Quaternion Kähler Manifold M of dimension 20. That is, we compute
The formulas relating these indices to other invariants are given in theorem 1.3. Combining these equations with our computations yields the fundamental system of equations we shall mainly be concerned with in the following. It is linear in the characteristic numbers of M .
We shall compute these indices in terms of characteristic classes u = −c 2 (H) respectively c 2 , c 4 , . . . , c 10 of the bundles H and E. Using the formula ch(E) = 10 i=1 e x i (for the formal roots x i ), the analogue for the bundle H and the fact that Chern classes may be described as the elementary symmetric polynomials in the formal roots one obtains easily: We now compute the Chern characters of the exterior powers of E. For this we use that the roots of k E are given by
It remains to compute the Chern characters of the symmetric bundles, which can be done in a similar fashion e.g. using the roots given by the
This enables us to compute the following indices in terms of characteristic numbers via (1). (The "indices" i p,q with p + q + 5 odd are to be regarded as formal expressions, as they do not necessarily correspond to twisted Dirac operators.)
Using this information one may form the described linear system of equations.
Now compute the Hilbert Polynomial f of M in the parameters d, v and i 0,0 ∈ Q, i.e. in the dimension of the isometry group, the quaternionic volume and theÂ-genus. The Hilbert Polynomial f on M is given by
and has degree 11. We use the formula 
f (10) = 13(−4333824 + 598400d + 116424704i 0,0 + 33915v) 229376
The Hilbert polynomial has degree 11 and thus can be computed from these values. From theorem [25] .1.1, p. 2, we are given the formula
for q ∈ N 0 . So we may compute for each q a lower and an upper bound for i 0,0 -depending on d and v. Unfortunately, with q growing, these bounds seem to become worse so that we use low values of q-i.e. q = 3 respectively q = 2-to obtain:
Let us now compute further relations involving theÂ-genus of a Positive Quaternion Kähler Manifold M . We adapt lemma [22] .7.6, p. 169, to dimension 20 and plug in the expression −(2c 2 − 10u) for the first Pontryagin class p 1 :
From the solution of the fundamental system of equations we cite
Combining this with formula (6) yields
Recall that 1 ≤ v ≤ 1024. So for d = 0 the equation becomes
Special cases and the proof of theorem B
This section will combine further observations with the proof of theorem B. Indeed, we shall deal with each dimension-i.e. dim M ∈ {20, 24}-in theorem B separately thereby proving slightly more general assertions. The theorem itself is then a combination of corollary 3.6 and theorem 3.7. As we already remarked, in dimension 28 there is an exceptional Wolf space, which makes further generalisation more difficult. Nonetheless, as we were told by Gregor Weingart, a similar recognition theorem-which also identifies the exceptional Wolf space F 4 /Sp(3)Sp(1)-seems to be possible.
Foremost we recall Proof. See theorem [24] .2.1.ii, p. 89.
Before generalising this theorem, we shall reconsider the problem in dimension 16 and we shall illustrate the used methods by pointing out certain additional results. Proof. We form a linear system of equations as we did in section 2. By assumption we may now replace every Chern class c i by some x i u n i for
If one focuses on the case b 2 = 0 (cf. 1.5), the system of equations can be solved and it yields d = 55, b 4 = b 8 = 1, b 6 = 0, u 4 = 1 (with all the factors x i equal to one). We then observe that in dimension 55 only semi-simple Lie groups of rank at least 5 appear. Theorem 1.4 then yields the assertion; i.e. the isometry group becomes very large and permits to identify M as the quaternionic projective space. Assume b 2 = 0. Then the same proof works if one only requires c 2 and c 4 to be scalar multiples of u respectively u 2 . In this case a numerical solving procedure leads to six different solutions of which the only one with an integral value for d is the requested one-as in proposition 3.2.
Focussing on the case that only c 2 is a multiple x ∈ R of u leads to the two equations
where v = (4u) 4 is the quaternionic volume. The element x is integral by the same reasoning as in the original proof, i.e. the proof of theorem [12] .5.1, p. 62. In [19] it is proven that i 1,n+1 ≤ 0. In the survey article [24] , p. 117, it is suggested that this index vanishes unless M is the quaternionic projective space. In the following we assume the vanishing of i 1,5 in the case M = HP 4 , which produces
The only integral solution for 8 ≤ d < 55 = dim Sp(5) (cf. theorem 1.4) is given by x = 4 and d = 28. Then we directly obtain b 4 = 3 by (12) and also v = 84 by (9) . Indeed, by the relations on Betti numbers in 1.5 only two possibilities for (b 4 , b 6 , b 8 ) remain, namely (3, 0, 4) or (3, 2, 3). Equations (13) and (14) We remark that the property that c 2 is a multiple of u seems to be a special feature of Gr 4 (R n+4 ) for n = 4 among the infinite series of Wolf spaces other than the quaternionic projective space.
3.2. Dimension 20. The following consequence is as simple as it is astonishing. 
Proof. By assumption b 2 = 0. Equation (3) Proof. We proceed as before in dimension 16; i.e. we solve the system of equations (cf. section 2) setting all characteristic classes to rational multiples of a suitable power of the form u. As a result we obtain b 4 = b 8 = 1, b 6 = b 10 = 0, u 5 = 1, all the scalars are 1 and d = 78. However, such a large isometry group can only occur for the quaternionic projective spacecf. theorem 1.4.
We remark that for this proof to work we do not need that c 6 is a scalar multiple of u 3 . We shall now use the observation we stated in lemma 3.4 to finish the reasoning. Observe that one may prove this corollary in a slightly different way: Assume only that c 2 and u are scalar multiples and do the same for monomials containing c 2 and u. Use the equations with the additional information b 4 = 1 (and b 2 = 0) and the result follows directly.
Dimension
We may rule out the first solution, since it yields d = where each x i is a root of
Numerically, the roots of this polynomial are given by A computer-based check on all the possible combinations now shows that there are no integral solutions for d in all these cases. So we are done.
Properties of interest
In this section we shall show that under slight assumptions some surprising results on the degree of symmetry of 20-dimensional Positive Quaternion Kähler Manifolds M are obtained. This will lead us to the existence of large isometry groups under mild assumptions thereby making a first step towards the proof of theorem A. (5) and (7). The result follows from setting d = 0.
Let us now use the fact that the terms f (5 + 2q) = i 0,5+2q (for q ≥ 0) are indices of the twisted Dirac operator D /(S 5+2q H); i.e. in particular they are integral. This leads to congruence relations for the dimension of the isometry group and the quaternionic volume. 
This implies that
− 10692 + 1760d + 63v ≡ 0 mod 140 ⇐⇒ 88 + 80d + 63v ≡ 0 mod 140
• Any computation of further indices seems to result in the fact that only denominators appear that divide 2 2 · 5 · 7. Since v HP 5 = 1024 and since v f Gr 4 (R 9 ) = 264, we see that the relations found in the theorem are the only ones that may hold on the quaternionic volume when focussing on congruence modulo m for m|140.
• The dimension d HP n of HP n is given by (n + 1)(2n + 3) with d HP n ≡ (n + 1)((n + 1) + (n + 2)) ≡ 1 mod n + 2. ≡ 1 mod n + 2. Thus in dimensions without exceptional Wolf spaces-for these it is not true-by the main conjecture it should hold on a rationally 3-connected Positive Quaternion Kähler Manifold that the dimension of the isometry group is congruent 1 modulo n + 2. Proof. Again we assume the manifold to be rationally 3-connected. There are no compact Lie groups in dimensions 43, 50, 57, 64 and 71 with rank smaller than or equal to 5. Thus theorems 1.4 and 4.2 yield the result.
We shall now prove the existence of S 1 -actions on 20- 
Proof. Recall the generalised intersection form Q from theorem 1.2. All the classes y from the assertion may be written as y = Q(x, x) for some x ∈ H r (M ) with r ∈ {4, 8}. However, the intersection form Q is positive definite in degrees divisible by 4 and it results that Q(x, x) ≥ 0. admits an effective isometric S 1 -action.
As we remarked already for M ∼ = HP n , the index i 1,6 is smaller or equal to zero and it is conjectured to equal zero. On HP n it equals i 1,n+1 = n(2n+3).
Next we shall link the existence of an isometric S 1 -action to the Euler characteristic. or-as a combination of both inequalities-if
Proof. The theorem is trivial for Gr 2 (C 7 ). Thus we assume M to be rationally 3-connected. We give a proof by contradiction and assume d = dim Isom(M ) = 0. We shall choose special values for k, l, m, n from lemma 4.5. These coefficients determine an element y. We shall obtain the contradiction Q(y, y) < 0 under the assumptions from the assertion. • The dimension d of the isometry group of M satisfies d ∈ {15, 22, 29, 36}
• The pair (d, v) of the dimension of the isometry group and the quaternionic volume is one of 
From computations with the Hilbert Polynomial we know that d ≡ 1 mod 7 and v ≡ 4 mod 20 for the dimension of the isometry group and the quaternionic volume-cf. theorem 4.2. Since Now use the classification of compact Lie groups. The connected component of the identity of Isom(M ) permits a finite covering by a product of a semi-simple Lie group and a torus (cf. section 1). Now we figure out all those products G of simple Lie groups and tori that satisfy
(By theorem 1.4 we know that rk G ≥ 6 already implies M ∼ = HP 5 , as M is rationally 3-connected.) Congruence classes modulo 7 of the dimensions of the relevant different types of Lie groups are as described in table 9. The list of Lie groups G then is Table 9 . Dimensions modulo 7
given as in the assertion. We remark that all the Lie groups in the theorem have rank at least 3. Note that if one focusses on simple groups G, then only dimensions 15 and 36 occur. Moreover, we easily derive the following recognition theorem for the quaternionic volume: 
Isometry groups
In this section we finish the proof of theorem A. By theorem 4.8 and table 8 it remains to show that a Positive Quaternion Kähler Manifold of dimension 20 with isometry group one of Sp(4) or SO(9) up to finite coverings is homothetic to the real Grassmannian Gr 4 (R 9 ). The arguments given in this section will be Lie theoretic mainly.
In this section we obey the following convention: Every statement on equalities, inclusions or decompositions of groups is a statement up to finite coverings.
First of all note the relation
This can be seen by computing the Lie algebras (cf. [18] , p. 25) and determining the fibre of the covering SO(n) × Sp(1) → SO(n) ⊗ Sp(1) over the identity.
From the tables in appendix B in [18] , p. 63-68, we cite that all irreducible representations ̺(G 2 ) of G 2 in degrees smaller than or equal to
are real and have degree deg ̺ ∈ {7, 14, 27} (18) This is considered an exemplary citation of the most important case.
We shall use this information in order to shed more light on inclusions of Lie groups.
Lemma 5.1. Let G = G 1 ×G 2 be a decomposition of Lie groups. Let further H = 1 be a simple Lie subgroup of G. Then (up to finite coverings) H is also a subgroup of one of G 1 and G 2 (by the canonical projection).
Proof.
Compose the inclusion H ֒→ G 1 × G 2 with the canonical projection G → G i (with i ∈ {1, 2}) to obtain a morphism f i : H → G i . The kernel of f i is a normal subgroup of H, i.e. we have ker f i ∈ {1, H} (up to finite coverings). If ker f i = 1, the morphism f i is an injection and we are done. Otherwise, if ker f i = H, the morphism f i is constant. So if both f 1 and f 2 are constant, the original inclusion H ֒→ G is a constant map, too. This contradicts H = 1.
Lemma 5.2.
There is no inclusion of Lie groups SO(7) ֒→ Sp(5) (not even up to finite coverings).
Proof. By table 5 the group SO(7) has to be contained in one of
as there is no quaternionic representation of a simple Lie group H in degree 10 (other than the standard representation of Sp (5)) by the tables in appendix B in [18] , p. 63-68. (The tables neglect the cases of Lie groups with dimensions smaller than 11. Clearly, so can we.) Thus, by lemma 5.1 and for dimension reasons, we see that SO(7) has to be a subgroup of one of
SU(5), Sp(4)
Suppose first that SO (7) Assume SO (7) is a subgroup of Sp(4). We argue in the analogous way to get a contradiction. Alternatively, one may quote table 7 for subgroups of maximal dimension.
The following lemmas can fairly easily be proved using similar arguments. We leave this to the reader. Lemma 5.3. There is no inclusion of Lie groups SU(5) ֒→ SO(9) and equally, SU (5) is not a subgroup of Sp(4) either-not even up to finite coverings.
Lemma 5.4. There is no inclusion of Lie groups Sp(2) × SU(3) ֒→ SO (9) and equally, the group Sp(2) × SU(3) also is not a subgroup of Sp(4)-not even up to finite coverings. Thus by lemma 5.1 we see that Sp(2) × Sp (2) is a subgroup of one of
It cannot be a subgroup of SU (5), as a subgroup of SU (5) of maximal dimension is of dimension 16 < 20 = dim Sp(2) × Sp(2). Thus Sp(2) × Sp(2) ⊆ Sp(3) × Sp(2) and we need to determine all the possible inclusions i.
The only inclusion of Sp(2) into Sp (3) possible is given by the canonical blockwise inclusion (up to conjugation). Suppose now that both Sp(2)-factors do not include blockwise. We shall lead this to a contradiction.
We obtain that the inclusion composed with the canonical projection
again is an inclusion. This is due to the fact that the kernel of this map has to be trivial, as Sp (2) is simple. Thus by our assumption of non-blockwise inclusion the kernel has to be the trivial group and i 1 is an inclusion. The same holds for
Without restriction, we may suppose that i 1 = i 2 = id. Thus we obtain that i is an inclusion if and only if (3) is an inclusion. By consideration of rank this is impossible. This yields a contradiction and at least one Sp(2)-factor is canonically included.
Lemma 5.7. The only inclusion of Lie groups SU(4) ֒→ Sp(5) respectively SU(4) × Sp(1) ֒→ Sp (5) is given by the canonical blockwise inclusion up to conjugation.
Proof. By table 5, by the tables in appendix B in [18] , p. 63-68, and by dimension we see that SU(4) respectively SU(4) × Sp(1) lies in one of
The group SU (4) is not a subgroup of Sp(3) by table 5 and by dimension. The only inclusion of SU(4) into U (5) is given by the canonical blockwise one due to the usual arguments. The group SU (4)×Sp (1) is not a subgroup of U (5); indeed, this is impossible by table 4, the tables in appendix B in [18] , p. 63-68, and by dimension.
Case 1. Thus in the case of the inclusion SU(4) ֒→ Sp(5) we observe that either the inclusion factors over SU(4) ֒→ U(4) ֒→ Sp(5) and is given blockwise or the inclusion is given via SU(4) ֒→ Sp(4) ֒→ Sp(5). Again, the inclusion necessarily is given blockwise. For this we realise that SU(4) cannot be included into any maximal subgroup of Sp(4) other than U(4). Case 2. As for the inclusion SU(4) × Sp(1) ֒→ Sp(5) we note that SU(4) × Sp(1) maps into Sp(4) × Sp(1) by dimension. By lemma 5.1 and by dimension we see that SU(4) again lies in Sp(4). As we have seen this inclusion necessarily is blockwise. As Sp(4) maps into Sp(5) by blockwise inclusion, the inclusion SU(4) ֒→ Sp (5) is the canonical one.
It then remains to see that Sp(1) includes into the Sp(1)-factor of Sp(4)× Sp(1) (and not into the Sp(4)-factor). Assume this is not the case. This means that the group Sp(1) necessarily does include into the Sp(4)-factor. Thus there is a homomorphism of groups (4) with the property that i| SU(4) as well as i| Sp (1) are injective. (Clearly, the morphism i itself cannot be injective.) However, as we shall show, this contradicts the fact that i is a homomorphism:
Thus we necessarily have that i(1, y 1 )i(1, x 2 ) = i(1, x 2 )i(y 1 , 1). As i| Sp(1) is injective, we realise that-whatever the inclusion i| Sp(1) will be-the group i(Sp(1)) always contains elements that do not commute with every element of SU(4) ⊆ Sp(4). (Clearly, Sp(1) cannot be included into the centre T 4 of SU(4).)
Consequently, we obtain that the inclusion of Sp (1) into Sp(4) × Sp(1) maps Sp(1) to the Sp(1)-factor and the projection (4) is the trivial map. This proves the assertion.
Let us now prove the classification result. Proof. We proceed in three steps. First we shall establish a list of stabiliser groups in a T 4 -fixed-point-where T 4 is the maximal torus of Isom 0 (M )-that might occur unless M is a Wolf space. As a second step we reduce the list by inclusions into the isometry group and the holonomy group. Finally, in the third step we show by more distinguished arguments that also the remaining stabilisers from the list cannot occur, whence M has to be symmetric.
Step 1. Both groups SO(9) as well as Sp(4) have rank 4, i.e. they contain a 4-torus T 4 = S 1 × · · · × S 1 . The Positive Quaternion Kähler Manifold M has positive Euler characteristic by theorem 1.5. Thus by the Lefschetz fixed-point theorem we derive that there exists a T 4 -fixed-point x ∈ M . Let H x denote the (identity-component of the) isotropy group of the G-action in x for G ∈ {SO(9), Sp(4)}. Since G is of dimension 36 and since dim M = 20, we obtain that dim H x ≥ 17 unless the action of G on M is transitive. If this is the case, a result by Alekseevskii (cf. [4] .14.56, p. 409) yields the symmetry of M . If M is symmetric, it is a Wolf space and the dimension of the isometry group then yields that M ∼ = Gr 4 (R 9 ). We may even assume dim H x ≥ 18 by the classification of cohomogeneity one Positive Quaternion Kähler Manifolds in theorem [9] .7.4, p. 24.
Since rk G = 4 and since x is a T 4 -fixed-point, we also obtain rk H x = 4. Moreover, H x is a closed subgroup. Thus we may give a list of all products of semi-simple Lie groups and tori of dimension 36 ≥ dim H x ≥ 18 and with rk H x = 4 up to finite coverings:
Step 2. We now apply two criteria by which we may reduce the list:
• On the one hand we have that H x is a Lie subgroup of G.
• On the other hand by the isotropy representation H x is a Lie subgroup of Sp(5)Sp(1)-cf. theorem [17] .VI.4.6, p. 248. We use lemma 5.1 to see that every group H x in the list contains a factor that has to include into Sp(5) up to finite coverings.
An iterative application of table 6 yields that every maximal rank subgroup of the classical group G ∈ {SO(9), Sp(4)} again is a product of classical groups. Thus H x may not be one of the groups
(not even up to finite coverings). Now apply lemma 5.2 in the respective cases to reduce the list of potential stabilisers to
Indeed, this lemma rules out all the groups H x that contain a factor of the form SO (7); and as we see that SO (7) is not a subgroup of Sp (5), also SO(8) and SO(9) cannot be subgroups of Sp(5). Now apply lemmas 5.3 and 5.4 by which potential inclusions into the isometry group G are made clearer. That is, they rule out the groups SU (5) and Sp(2)×SU(3). Thus the list of possible isotropy groups reduces further to
Step 3. Let us consider the inclusion of the groups H x into the holonomy group Sp(5)Sp(1). By 5.1 the largest direct factor of the candidates in our list has to be a subgroup of Sp(5) (up to finite coverings), as it cannot be included into Sp(1). By lemma 5.5 we see that the inclusion of Sp (4) into Sp(5) and the one of the Sp(3)-factor of Sp(3) × Sp(1) respectively of Sp(3) × S 1 has to be blockwise. Due to lemma 5.6 we observe that there is also an Sp(2)-factor of Sp(2) × Sp(2) that includes blockwise into Sp(5).
Thus we obtain that every group from our list which contains a factor of the form Sp(k) for k ≥ 2 has a circle subgroup
Thus this circle group fixes a codimension 4 Positive Quaternion Kähler component. Due to theorem [10] .1.2, p. 2, we obtain that M ∼ = HP 5 or M ∼ = Gr 2 (C 7 ); a contradiction by our assumption on the isometry group.
This leaves us with H x = SO(6) × SO(3), which is SU(4) × Sp(1) up to (Z 2 ⊕ Z 2 )-covering. Equivalently, we consider an orbit of the form
Now consider the isotropy representation of the stabiliser group. There are basically two possibilities: Either the whole stabiliser includes into the Sp(5)-factor or the Sp(1)-factor includes into the Sp(1)-factor of Sp (5)Sp (1) (and not into the Sp(5)-factor).
In the first case we apply lemma 5.7 to see that the inclusion of SU(4) × Sp(1) into Sp (5) is blockwise. So is the inclusion of the Sp(1)-factor in particular. Thus again we obtain a sphere which is represented by diag (S 1 , 1, 1, 1, 1 ) and which fixes a codimension four quaternionic component. We proceed as above.
Let us now deal with the second case. Again we cite lemma 5.7 to see that the SU(4)-factor includes into Sp(5) in a blockwise way. Observe now that the tangent bundle T M of M splits as T M = T X ⊕ N X over X, where N X denotes the normal bundle. Since dim X = dim SO(9) − dim SO(6) × SO(3) = 36 − 18 = 18 we obtain that the normal bundle is two-dimensional. Thus the slice representation of the isotropy group (SU(4) × Sp(1))/(−id, −1) at a fixed-point, i.e. the representation on N X, is necessarily trivial. That is, the action of the isotropy group (SU(4) × Sp(1))/(−id, −1) at a fixed-point has to leave the normal bundle pointwise fixed.
The Sp(1)-factor of SU(4) × Sp(1) maps isomorphically (up to finite coverings) into the Sp(1)-factor of the holonomy group; the SU(4)-factor maps into Sp (5) . Thus the action of this SU(4) × Sp(1) on the tangent space T x M ∼ = H 5 at x ∈ M is given by (A, h)(v) = Avh −1 . This action, however, has no 18-dimensional (respectively 2-dimensional) invariant subspace as the Sp(1)-factor acts transitively on each H-component. Hence the normal bundle does not remain fixed under the action of the stabiliser. Thus SU(4) × Sp(1) cannot occur as an isotropy group.
Hence we have excluded all the cases that arose from the assumption dim H x ≥ 18. This was equivalent to the action of the isometry group neither being transitive nor of cohomogeneity one. In the latter two casesas already observed-the manifold M has to be symmetric. More precisely, since there is no 20-dimensional Wolf space with Isom 0 (M ) = Sp(4) (up to finite coverings), we obtain Isom 0 M = SO(9) and M ∼ = Gr 4 (R 9 ).
Theorem A now follows from theorems 4.8 and 5.8.
Clearly, as for dim Isom 0 (M ) ∈ {15, 22, 29} one hopes an approach by similar techniques as in the proof of 5.8 to be likewise successful. Yet, we remark that for example in dimension 29 one will have to cope with five different isometry groups due to table 8. All these groups are of rank 5. So one lists all the possible stabilisers at a T 5 -fixed-point on M that do not necessarily make the action of Isom(M ) transitive or of cohomogeneity one. That is, one computes all the products H of semi-simple Lie groups and tori that satisfy rk H = 5 and 11 ≤ dim H ≤ 29. This results in a list of 45 possible groups H (up to finite coverings). Following our previous line of argument we then try to rule out stabilisers by showing that they either may not include into a respective isometry group or that they may not be a subgroup of Sp(5)Sp(1). If both is not the case, as a next step we try to show that the way H includes into the holonomy group already implies the existence of an S 1 -fixed-point component of codimension 4. This would imply the symmetry of the ambient manifold M 20 . We observe that by far the biggest part of this procedure is covered by the arguments we applied before and we encourage the reader to provide the concrete reasoning. Nonetheless, we encounter new difficulties: For example, the group SU(4) × S 1 × S 1 includes into the isometry group SU(4) × G 2 ∼ = SO(6) × G 2 . If its inclusion into Sp(5)Sp (1) is induced by the blockwise inclusion of SU(4) into Sp(5), the canonical inclusion of S 1 into Sp(1) and the diagonal inclusion of S 1 into Sp(5), we realise that there is no codimension four S 1 -fixed-point component. Then methods more particular in nature will have to be provided-as we did in step 3 of the proof of theorem 5.8. We leave this to the reader.
Proof of theorem C
Since one may relate the index i 0,n+2 (cf. 1.3) directly to the dimension of Isom(M 4n ), it seems to be pretty natural to try to provide a recognition theorem on this information. This will result in theorem C, the first one to identify the real Grassmanian.
For the proof of theorem C we imitate and generalise the techniques and results from section 5. Again, we shall neglect finite coverings.
Lemma 6.1. For n ≥ 6 there is no inclusion of Lie groups SO(n + 1) ֒→ Sp(n), not even up to finite coverings.
Proof. Due to table 5 the group SO(n + 1) either has to be contained in U(n), Sp(k) × Sp(n − k) with 1 ≤ k ≤ n − 1, some SO(p) ⊗ Sp(q) with pq = n, p ≥ 3, q ≥ 1 or in ̺(H) for a simple Lie group H and an irreducible quaternionic representation ̺ ∈ Irr H (H) of dimension deg ̺ = 2n. The cases with direct product or tensor product yield an inclusion of SO(n + 1) in either some SO(k) with k ≥ n-which is impossible by dimension-or into some smaller symplectic group by lemma 5.1.
Assume there is an inclusion into U(n) = (SU(n) × U(1))/Z n . Then again lemma 5.1 yields an inclusion into SU(n). By table 4 the maximal subgroups of SU(n) are given by SO(n), Sp(m) with 2m = n, S(U(k) × U(n − k)) for (1 ≤ k ≤ n − 1), SU(p) ⊗ SU(q) with pq = n, p ≥ 3, q ≥ 2 and by ̺(H) for a simple Lie group H and an irreducible quaternionic representation ̺ ∈ Irr C (H) of dimension deg ̺ = n. An inclusion in the first case is impossible due to dimension. Cases two to four lead to inclusions into smaller symplectic or special unitary groups by lemma 5.1.
Hence we need to have a closer look at irreducible quaternionic and complex representations of simple Lie groups H. The tables in [18] , appendix B, p. 63-68, give all the representations of simple Lie groups satisfying a certain dimension bound, which is given by
for real, complex and quaternionic representations respectively. First of all for n ≥ 3 the tables together with our previous reasoning yield that k = n is the maximal number for which SU(k) is a maximal subgroup of Sp(n). Equally, for n ≥ 7 we obtain that k = n is the maximal number for which SO(k) is a maximal subgroup of Sp(n) or of SU(n). This means in particular that SO(n + 1) cannot be included into Sp(n) by a chain
of (irreducible representations of) classical groups G 1 , . . . , G l for n ≥ 6.
It remains to prove that there is no such chain involving (representations of) exceptional Lie groups G i . For this it suffices to realise that there are no exceptional Lie groups H satisfying dim SO(n + 1) ≤ dim H ≤ dim Sp(n) (20) with H admitting a quaternionic or complex representation of degree smaller than or equal to 2n or n respectively. (We clearly may neglect the real representations ̺ of degree k with k ≤ n, as there evidently cannot be inclusions SO(n + 1) ⊆ ̺(H) ⊆ SO(k) by dimension.)
In table 10 for each exceptional Lie group H we give the values of n for which the inequalities (20) are satisfied. Additionally, we note the corresponding maximal degree deg ̺ = 2n (deg ̺ = n) of an irreducible quaternionic (complex) representation ̺ by which H might become the subgroup ̺(H) ⊆ Sp(k) (̺(H) ⊆ SU(k)) with k ≤ n for the given values of n. That is, for example in the case of G 2 we see that if there is a quaternionic representation (a complex representation) of degree smaller than or equal to 22 (to 11), then there is an inclusion of G 2 into Sp(k) (into SU(k)) for k ≤ 11 and now also conversely: If there is no such representation, then G 2 cannot be a subgroup satisfying SO(n + 1) ⊆ G 2 ⊆ Sp(n) for any n ∈ N. Now the tables in [18] yield that there are no quaternionic respectively complex representations of H in the degrees depicted in table 10 . This amounts to the fact that for the relevant values of n from table 10 there is no inclusion SO(n + 1) ⊆ H ⊆ Sp(n). Thus by (20) there are no inclusions of exceptional Lie groups H with SO(n + 1) ⊆ H ⊆ Sp(n) for any n ∈ N.
Thus we have proved that there cannot be a chain of the form (19) with an exceptional Lie group G i . Combining this with our previous arguments proves the assertion. Note that the bound n ≥ 7 in the lemma is necessary since the universal two-sheeted covering of SO (6) is SU(4). In higher dimensions no such exceptional identities occur as can be seen from the corresponding Dynkin diagrams.
Lemma 6.2. For n ≥ 3 the only inclusion of Lie groups Sp(⌊ n 2 ⌋ + 1) ֒→ Sp(n) is given by the canonical blockwise one up to conjugation.
Proof. We proceed as in lemma 6.1. Indeed, by the same arguments as above we see that every chain of classical groups
involves symplectic or special unitary groups G i of rank smaller than or equal to n only. For this we use that there is no inclusion Sp(⌊
for n odd
More precisely, in such a chain of classical groups the inclusion of Sp(⌊ n 2 ⌋+1) is necessarily blockwise since n ≥ 3. This is due to the fact that actually only symplectic groups G i which are included in a blockwise way may appear by table 4; i.e. the subgroups of SU(n) are to small to permit the inclusion of Sp(⌊ n 2 ⌋ + 1). We now have to realise that there is no chain as in (21) with an exceptional Lie group G i . As in the proof of lemma 6.1 we depict the values of n for which an inclusion Sp(⌊ n 2 ⌋ + 1) ⊆ H ⊆ Sp(n) of an exceptional Lie group H might be possible-when merely considering dimensions-in table 11. The table again also yields degree bounds for the degrees of quaternionic and complex representations. Then the tables in appendix [18] .B, p. 63-68, yield Proof. By table 5 and by dimension we see that Sp(
for a simple Lie group H and an irreducible quaternionic representation ̺ of degree deg ̺ = 2n.
If Sp( n+1 2 − 1) × Sp(2) should happen to appear as a subgroup of SU(n), then table 4 would show that
necessarily is included in the standard "diagonal" way induced by the standard inclusion H ֒→ C 2×2 . For this we observe the following facts that result when additionally taking into account the tables in appendix [18] .B, p. 63-68: The largest special orthogonal subgroup (up to finite coverings) of SU(n) is SO(n) for n ≥ 6. The group SO(n) does not permit Sp( n+1 2 − 1) as a subgroup for n ≥ 4. Moreover, there are no irreducible complex representations by which a simple Lie group H might include into some SU(k) (for k ≤ n) satisfying Sp(
Now we see that whenever Sp( n+1 2 − 1) is included diagonally into SU(n) as depicted, there is no inclusion of Sp( n+1 2 − 1) × Sp(2) possible. That is, for the inclusion of this direct product to be a homomorphism we need the group Sp(2) to map into the centraliser C SU(n) (Sp(
and thus no inclusion of Sp (2) is possible. Hence Sp(
The tables in [18] again yield that whenever a simple Lie group H is included into Sp(k) (for k ≤ n) via an irreducible quaternionic representation ̺, the inclusion is one of
or an inclusion of a symplectic group of rank smaller than k unless the degree of the representation is far too large to be of interest for our purposes. Indeed, already the depicted inclusions are not relevant, since Sp( n+1 2 − 1) cannot be included into SU(6), SO(11), SO(12), E 7 respectively when n ≥ 10, 16, 16, 28.
Thus we see that every inclusion of Sp( n+1 2 − 1) × Sp(2) has to factor through one of Sp(n−k)×Sp(k) for 1 ≤ k ≤ n−1. Hence for 1 ≤ k < n+1 2 −1 we obtain that the only inclusion of Sp( n+1 2 −1) into Sp(n) factoring through Sp(n − k) × Sp(k) is given by the standard blockwise inclusion
Thus we may assume without restriction that k = n+1 2 −1 (and n−k = n+1 2 ) and that the inclusion of Sp( n+1 2 −1) ֒→ Sp(n) is not the standard blockwise one. Thus we see that the inclusion necessarily factors over
where the first inclusion splits as a product of the standard blockwise inclusions
So regard Sp( n+1 2 − 1) as the subgroup of Sp(n) given by this inclusion. Again we make use of the fact that the Sp(2)-factor has to include into the centraliser C Sp(n) Sp n + 1 2
Such an inclusion clearly is impossible and we obtain a contradiction. Thus the inclusion of Sp( n+1 2 − 1) × Sp(2) is the standard blockwise one when restricted to the Sp( n+1 2 − 1)-factor. Lemma 6.4. In table 12 the semi-simple Lie groups of maximal dimension with respect to a fixed rank (from rank 1 to rank 12) are given up to isomorphisms and finite coverings. From rank 13 on the groups that are maximal in this sense are given by the two infinite series Sp(n) and SO(2n + 1) only. Proof. Table 12 results from a case by case check using table 2. From dimension 13 on semi-simple Lie groups involving factors that are exceptional Lie groups are smaller than the largest classical groups. Among products of classical groups the ratio between dimension and rank is maximal for the types B n and C n , Now we provided all the tools that will permit to prove theorem C.
Proof of theorem C.
Step 1. By theorem 1.4 we may suppose that rk Isom(M 4n ) ≤ ⌈ n 2 ⌉ + 2, since otherwise M ∈ {HP n , Gr 2 (C n+2 )}. The dimension bounds in table 1 for 4 ≤ n ≤ 20 result from table 12: That is, for each such n the bound is the dimension of the largest group that satisfies this rank condition. Thus every group with larger dimension has rank large enough to identify M 4n as one of HP n and Gr 2 (C n+2 ).
In degree n = 3 we use that there is no semi-simple Lie group of rank smaller than or equal to 4 in dimensions 29 to 36 = dim Sp(4). By theorem 1.4 we have dim Isom(M 12 ) ≤ 36.
Step 2. Now we determine all (the one-components of) the isometry groups G = Isom 0 (M 4n ) (up to finite coverings) with rk G ≤ ⌈ n 2 ⌉ + 2 satisfying the dimension bound for n ≥ 22 and n ∈ {27, 28} as G ∈ SO(n + 4), SO(n + 5), Sp n 2 + 2 for n even and as G ∈ SO(n + 4), SO(n + 4) × SO(2), SO(n + 4) × SO(3), SO(n + 5), SO(n + 6), Sp n + 1 2 + 2 , Sp n + 1 2 + 1 , Sp n + 1 2 + 1 × SO(2), Sp n + 1 2 + 1 × Sp (1) for n odd. This can be achieved as follows: We see that whenever we have a product of classical groups we may replace it by a simple classical group of the same rank and of larger dimension. The classical groups for which the ratio between dimension and rank is maximal are given by the groups of type B and C. Moreover, the series dim B n = dim C n is strictly increasing in n. We compute dim SO(n + 3) × SO(3) = n 2 + 5n + 12 2 whilst rk SO(n + 3) × SO(3) = n + 3 2
Consequently, by our assumption on the dimension of G we need to find all the groups that are larger in dimension but not larger in rank than SO(n + 3) × SO(3). This process results in the list we gave. We still need to see when there are groups G that are larger in dimension than SO(n + 3) × SO(3) but not larger in rank and that have exceptional Lie groups as direct factors (up to finite coverings). Clearly, this can only happen in low dimensions. So we use lemma 6.4 and table 12 to see that unless n ∈ {27, 28} there do no appear exceptional Lie groups as factors. As for degrees n ∈ {27, 28} the group E 8 × E 8 has dimension dim(E 8 × E 8 ) = 496 > 438 = dim SO(30) × SO(3) 468 = dim SO(31) × SO(3)
Therefore in these degrees we want to assume that dim Isom(M 4n ) > 496. This will make it impossible to identify the real Grassmannian, since dim SO(31) = 465 and since dim SO(32) = 496. Nonetheless the following arguments hold as well.
Step 3. We now prove that whenever G is taken out of the list we gave, then actually G = SO(n + 4) and M ∼ = Gr 4 (R n+4 ). In order to establish this we shall have a closer look at orbits around a fixed-point of the maximal torus of G for each respective possibility of G. (Such a point exists due to the Lefschetz fixed-point theorem and the fact that χ(M ) > 0-cf. 1.5.) This will lead to the observation that a potential action of G has to be transitive, whence M is homogeneous. Due to Alekseevski homogeneous Positive Quaternion Kähler Manifolds are Wolf spaces-cf. [4] .14.56, p. 409.
Since dim M = 4n, we necessarily obtain that the orbit G/H of G has dimension at most dim G/H ≤ 4n. Assume first that G is a direct product from the list with SO(n + 4) as a factor (up to finite coverings). Thus all the maximal rank subgroups H of G satisfying dim G/H ≤ 4n for n ≥ 22, necessarily contain one of the groups SO(n) × SO(4), SO(n + 3), SO(n + 2) × SO (2) as a factor-which includes into SO(n + 4)-due to table 6. (Note that whether SO(n + 3) is a maximal rank subgroup of SO(n + 4) or not depends on the parity of n being odd or even.) By the same arguments we see that for G = SO(n + 5) only the following subgroups H may appear: SO(n + 4), SO(n + 3) × SO(2), SO(n + 2) × SO(2), SO(n + 2) × SO(3)
For G = SO(n + 6) the group H is out of the following list: SO(n + 5), SO(n + 4) × SO(2), SO(n + 3) × SO(3), SO(n + 3) × SO (2) In any of the cases there has to be an inclusion SO(n+k) for k ≥ 0 into Sp(n) by the isotropy representation-cf. [17] , theorem VI.4.6.(2). By lemma 6.1, however, this is impossible unless k = 0. Thus we see that G/H = SO(n + 4) SO(n) × SO (4) = M since the action of G thus necessarily is transitive.
Now suppose that G = Sp( . . . ×{1} in the Sp(n)-factor of the holonomy group Sp(n)Sp (1) . Thus it fixes a quaternionic fixed-point component of codimension 4. Thus by theorem [10] .1.2, p. 2, we obtain that M 4n ∈ {HP 4n , Gr 2 (C n+2 )}.
If G = Sp( n+1 2 + 2) and n is odd, virtually the same arguments apply. That is, the list of isotropy subgroups H is given by Sp n + 1 2 + 1 × Sp(1), Sp n + 1 2 + 1 × U(1)
As above this leads to a codimension four quaternionic S 1 -fixed-point component.
